Abstract. We will show that if d is a cubefree integer and n is an integer, then with some suitable conditions, there are no primes p and a positive integer m such that d is a cubic residue (mod p), 3 m, p n if and only if there are integers x, y, z such that
Introduction
The numbers that can be represented by a quadratic polynomial x 2 + y 2 is well-known. For an integer n, there are integers x, y satisfying x 2 + y 2 = n if and only if there are no primes p and odd positive integer m such that p ≡ 3 (mod 4) and p m n [4, p. 164] . In this paper, we will study the numbers that can be represented by the cubic polynomial
Preliminaries
For a prime p and an integer n such that gcd(n, p) = 1, let n be a cubic residue (mod p) if p ≡ 1 (mod 3) and there are no integer solutions of
For a cubefree integer d, let R d be the set of all algebraic integers in Q( 
so there is an integer m such that
Theorem 3.2. Let d be a cubefree integer. Consider an integer n such that there is an integral solution of
Then n = µ 3 ν for some integer µ and a cubefree integer ν such that for any prime factor p of ν where p ≡ 1 (mod 3), d is a cubic residue (mod p).
Proof. If p is a prime factor of n such that p ≡ 1 (mod 3) and d is not a cubic residue (mod p), then by the previous lemma,
By iterating this argument, we see that for some positive integer m, p 3m n. It means this theorem. Proof. The number of all pairs (x, y, z) such that 0 < x, y, z < 3 √ p + 1 is bigger than p, so by the pigeonhole principle, for some integers 0 < x 1 , x 2 , y 1 , y 2 , z 1 , z 2 < 3 √ p + 1 such that (x 1 , y 1 , z 1 ) = (x 2 , y 2 , z 2 ),
. 
Then for any integer n = µ 3 ν where µ is an integer and ν is a cubefree integer such that d is a cubic residue (mod p) for any prime factor p of ν where p ≡ 1 (mod 3), there is an integral solution of
Proof. We will first prove this theorem when n is a prime 
Then N (γ) divides N (p) = p 3 . If p 2 divides N (γ), then p 2 divides N (α) = kp. A contradiction. Therefore, N (γ) divides p. Also, γ is not a unit, so N (γ) = 1. Therefore, N (γ) = ±p, so we can choose integers x, y, z such that 
